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Abstract

This paper is concerned with the numerical solution to the Schrödinger equation on an infinite domain. Two exact arti-
ficial boundary conditions are introduced to reduce the original problem into an initial boundary value problem with com-
putational domain. Then, a fully discrete difference scheme is derived. The truncation errors are analyzed in detail. The
unique solvability, stability and convergence with the convergence order of O(h3/2 + s3/2h�1/2) are proved by the energy
method. A numerical example is given to demonstrate the accuracy and efficiency of the proposed method. As a special
case, the stability and convergence of the difference scheme proposed by Baskakov and Popov in 1991 is obtained.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

When we wish to solve numerically a differential equation defined on an infinite domain, it is necessary to
consider a finite sub-domain and to use artificial boundary conditions in such a way that the solutions in the
finite sub-domain approximate the original solution. If the approximation is exact, the transfer is called exact
and the corresponding artificial boundary condition is called exact or transparent. For instance, different
transparent boundary conditions (TBCs) for the wave equation are derived in [7,8,10,19–22].

In this paper, we study the problem of the numerical approximation of a dispersive wave w(x, t), solution to
the Schrödinger equation in an unbounded domain. More concretely, we consider the following linear
equation:
0021-9991/$ - see front matter � 2005 Elsevier Inc. All rights reserved.
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þ V ðx; tÞw; x 2 R; t > 0; ð1:1Þ

wðx; 0Þ ¼ /ðxÞ; x 2 R; ð1:2Þ
where the electrostatic potential function V(x, t) is assumed to be given with Im(V(x, t)) 6 0, and for the sake
of conciseness, we assume that / is a compactly supported datum. This model equation arises in many prac-
tical domains of physical and technological interest, e.g., quantum mechanics, optics, seismology and plasma
physics.

The solution to (1.1), (1.2) is defined on the whole domain X = {(x, t) |x 2 R, t > 0} and must vanish for
x ! ±1. However, from a practical point of view, the infinite domain of propagation has to next use a
well-adapted discretization scheme for Eqs. (1.1) and (1.2). To this end, let us split the initial domain X into
three regions. We designate by Xi = {(x, t) |xl 6 x 6 xr, t > 0} the interior domain where one wishes to compute
an approximate solution, and two other complementary regions can be defined by Xl = {(x, t) |x 6 xl, t > 0}
and Xr = {(x, t) |x P xr, t > 0}. To simplify the problem, we suppose that supp(/) � [xl,xr] and
V ðx; tÞ ¼ V � � const. for x 6 xl; V ðx; tÞ ¼ V þ � const. for x P xr;
with Im(V�) = Im(V+) = 0.
The transparent boundary conditions (TBCs) for Schrödinger equation were independently derived by sev-

eral authors from various application fields [2,6,11,15]; Inhomogeneous extensions are analyzed in [1,5]. They
are non-local in t and read
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for the left boundary at x = xl, and
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wðxr; sÞeiV þsffiffiffiffiffiffiffiffiffiffi
t � s

p ds ð1:4Þ
for the right boundary at x = xr. There are also an equivalent form to (1.3) and (1.4) as follows
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for the left boundary at x = xl, and
wðxr; tÞ ¼ �
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o
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for the right boundary at x = xr. Usually, (1.3) and (1.4) are called the Dirichlet–Neumann boundary condi-
tions and (1.5) and (1.6) are called the Neumann–Dirichlet boundary conditions [2].

As a consequence, the Cauchy problem (1.1), (1.2) on the infinite domain can be reduced to the initial
boundary value problem
i
ow
ot

¼ � 1

2

o
2w
ox2

þ V ðx; tÞw; xl < x < xr; t > 0; ð1:7Þ

wðx; 0Þ ¼ /ðxÞ; xl 6 x 6 xr ð1:8Þ
with the boundary conditions (1.3), (1.4), or, with the boundary conditions (1.5), (1.6).
Classically, the density kwkL2ðRÞ is decreasing for the problem (1.1), (1.2) in the whole space and moreover it

is conserved if the potential V(x, t) is real. In the case of a bounded domain, this should also be the case for the
L2([xl,xr])-norm of the approximate solution. Arnold [3,4] proved the following result.

Theorem 1.1. Let us assume that potential V 2 UðRþ
t ; L

1ðCÞÞ satisfies: Im(V(x, t)) 6 0 for x 2 [xl,xr] and t > 0.
Let w(x, t) be a solution to the initial boundary value problem (1.7), (1.8) with (1.3), (1.4), then, w 2
UðRþ

t ;H
1ð½xl; xr�ÞÞ and fulfills the following energy inequality:
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kwð�; tÞkL2ð½xl ;xr�Þ 6 k/kL2ð½xl ;xr�Þ 8t > 0 and / 2 H 1ð½xl; xr�Þ.
The proof of this theorem is based on the next lemma.

Lemma 1.2. For any T > 0, let uðtÞ 2 H
1
4ð0; T Þ with the extension u(t) = 0 for t > T. Then
Re e
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P 0;
where (and below) �u denotes the complex conjugate of u.

Let xh ” {xj | 0 6 j 6M} be a uniform mesh of the interval [xl,xr], where xj = xl + jh, 0 6 j 6 M with
h = (xr � xl)/M. Denote tn ¼ ns; t

n�1
2
¼ ðn� 1

2
Þs; n ¼ 0; 1; 2; . . . .

Eq. (1.7) is often discretized by the Crank–Nicolson scheme
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where w
n�1

2
j ¼ 1

2
ðwn

j þ wn�1
j Þ. The main difficulty of the numerical approximation is now linked to the presence

of a convolution operator in the boundary conditions. If V� = 0 and V+ = 0, Mayfield in [14] used the
approximation
Z tN
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to approximate (1.5) and (1.6), respectively. For the resulting scheme she obtained the following result.

Theorem 1.3 (cf. [14]). The difference scheme (1.9)–(1.11) is stable, if and only if
4p
s

h2
2
[1
j¼1

ð2jþ 1Þ�2
; ð2jÞ�2

h i
.

This shows that the chosen boundary discretization destroys the unconditional stability of the underlying
Crank–Nicolson scheme. Baskakov and Popov [6] approximated boundary conditions (1.3) and (1.4) by the
piecewise linear approximations of the functions w(xl, s), w(xr, s) in the integrals:
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p .
For the one-dimensional Schrödinger equation, also see the paper by Schmidt and Yevick [18]. Yevick
et al. [9] presented a comparison of transparent boundary conditions for the Fresnel equation. Schädle
[17] considered the numerical solution to the two-dimensional Schrödinger equation. Time discretization
is done by the trapezoidal rule in the interior and by convolution quadrature on the boundary. A conver-
gence estimate is declared for the semidiscretization in t. Space discretization is done using the finite
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element method and coupling the boundary conditions by collocation. A numerical example is given. Lub-
ich and Schädle [12] have shown how the convolution kernel can be effectively compressed so that the re-
quired work and storage depends only logarithmically on the number of time steps. To our knowledge,
there have been only a very few results on the convergence of the numerical results for the Schrödinger
equation in unbounded domain. In the following, we suppose that the problem (1.1), (1.2) has an appro-
priate smooth solution.

The difference scheme we will consider for (1.7), (1.8) with (1.3), (1.4) is as follows:
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At each time level, only a tridiagonal system of linear equations needs to be solved and the Thomas method
can be used. It should be pointed out that, when V� = 0 and V+ = 0, the difference scheme (1.12)–(1.15) is
equivalent to the difference scheme presented by Baskakov and Popov in [6].

The organization of this paper is the following. In Section 2, we present some preliminary lemmas. Lemma
2.2 is prepared for the derivation of the difference scheme and Lemma 2.5 is for the analysis of the difference
scheme. In Section 3, we derive the fully discretized difference scheme (1.12)–(1.15) for the problem (1.7), (1.8)
with (1.3), (1.4). The standard Crank–Nicolson finite difference scheme is for the interior domain, together
with several implementations at the boundaries. The truncation errors are given in detail, which will be used
in the proof of the convergence of the difference scheme. The unique solvability, stability and convergence are
proved in Section 4. The convergence order is of O(h3/2 + s3/2h�1/2). As a special case, the stability and
convergence of the difference scheme proposed by Baskakov and Popov in [6] is obtained. Finally, Section
5 presents a numerical experiment showing the theoretical results. A brief conclusion is given at the end of
the paper. Theorems 4.1 and 4.3 are our main results.

2. Preliminary lemmas

The following lemmas will be used to derive the difference scheme (1.12)–(1.15).

Lemma 2.1 (cf. [23]). Suppose f(t) 2 C2[0, tn]. Then
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Lemma 2.2. Suppose f(t) 2 C2[0, tn] and f(0) = 0. Denote
F ðtÞ ¼ e�ivt d
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Then, we have
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This completes the proof. h

The following lemma with its corollary is for the proof of a discrete counterpart of Lemma 1.2.

Lemma 2.3. Let
f ðxÞ ¼
1; x 2 ½0; 1Þ;
0; x 62 ½0; 1Þ.

�

Then f 2 H1/4(R).
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Proof. The Fourier transformation of f(x) is
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Therefore f 2 H1/4(R). This completes the proof. h

Corollary 2.4. If
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The following lemma is a discrete counterpart of Lemma 1.2.

Lemma 2.5. For u = (u1,u2, . . ., uN), where ui is a complex number, 1 6 i 6 N, we have
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According to Lemma 1.2, we have
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This completes the proof. h
3. The derivation of the difference scheme

We denote byWj(t) the value of the solution w(x, t) at the point (xj,t). Using the Taylor expansion, it follows
from (1.7), (1.8) with (1.3), (1.4) that
i
dW0ðtÞ
dt

¼ � 1

2
� 2
h

W1ðtÞ �W0ðtÞ
h

�
ffiffiffi
2

p

r
e�

p
4þV �tð Þi d

dt

Z t

0

W0ðsÞeiV �sffiffiffiffiffiffiffiffiffiffi
t � s

p ds

( )

þ V ðx0; tÞW0ðtÞ þ R0ðtÞ; t > 0; ð3:1Þ

i
dWjðtÞ
dt

¼ � 1

2
� 1
h2

Wjþ1ðtÞ � 2WjðtÞ þWj�1ðtÞ
� �

þ V ðxj; tÞWjðtÞ þ RjðtÞ; 1 6 j 6 M � 1; t > 0; ð3:2Þ

i
dWMðtÞ

dt
¼ � 1

2
� 2
h

�
ffiffiffi
2

p

r
e�

p
4þV þtð Þi d

dt

Z t

0

WMðsÞeiV þsffiffiffiffiffiffiffiffiffiffi
t � s

p ds�WMðtÞ �WM�1ðtÞ
h

( )

þ V ðxM ; tÞWMðtÞ þ RMðtÞ; t > 0; ð3:3Þ
Wjð0Þ ¼ /ðxjÞ; 0 6 j 6 M ; ð3:4Þ
where there exists a constant c1 such that
jR0ðtÞj 6 c1h; jRMðtÞj 6 c1h; jRjðtÞj 6 c1h
2; 1 6 j 6 M � 1. ð3:5Þ
For (3.1) and (3.3), we have used
o2wðxl; tÞ
ox2

¼ 2

h
wðxl þ h; tÞ � wðxl; tÞ

h
� owðxl; tÞ

ox

� �
þOðhÞ;

o2wðxr; tÞ
ox2

¼ 2

h
owðxr; tÞ

ox
� wðxr; tÞ � wðxr � h; tÞ

h

� �
þOðhÞ.
Denote
F ðtÞ ¼ e�iV �t d

dt

Z t

0

W0ðsÞeiV �sffiffiffiffiffiffiffiffiffiffi
t � s

p ds; GðtÞ ¼ e�iV þt d

dt

Z t

0

WMðsÞeiV þsffiffiffiffiffiffiffiffiffiffi
t � s

p ds.
It follows from (3.1)–(3.4) that
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i � 1
2
� dW0ðtnÞ

dt
þ dW0ðtn�1Þ

dt

� �

¼ � 1

2
� 2
h

1

2

W1ðtnÞ �W0ðtnÞ
h

þW1ðtn�1Þ �W0ðtn�1Þ
h

� �
�

ffiffiffi
2

p

r
� e�p

4i � 1
2
F ðtnÞ þ F ðtn�1Þ½ �

( )

þ V x0; tn�1
2

� �
� 1
2
W0ðtnÞ þW0ðtn�1Þ½ � þOðs2 þ hÞ; n P 1;

i � 1
2
� dWjðtnÞ

dt
þ dWjðtn�1Þ

dt

� �

¼ � 1

4
� 1

h2
Wjþ1ðtnÞ � 2WjðtnÞ þWj�1ðtnÞ
	 


þ 1

h2
Wjþ1ðtn�1Þ � 2Wjðtn�1Þ þWj�1ðtn�1Þ
	 
� �

þ V xj; tn�1
2

� �
� 1
2

WjðtnÞ þWjðtn�1Þ
	 


þOðs2 þ h2Þ; 1 6 j 6 M � 1; n P 1;

i � 1
2
� dWMðtnÞ

dt
þ dWMðtn�1Þ

dt

� �

¼ � 1

2
� 2
h

�
ffiffiffi
2

p

r
e�

p
4i
1

2
GðtnÞ þ Gðtn�1Þ½ � � 1

2

WMðtnÞ �WM�1ðtnÞ
h

þWMðtn�1Þ �WM�1ðtn�1Þ
h

� �( )

þ V xM ; tn�1
2

� �
� 1
2
WMðtnÞ þWMðtn�1Þ½ � þOðs2 þ hÞ; n P 1;

Wjð0Þ ¼ /ðxjÞ; 0 6 j 6 M .
Denote
Wn
j ¼ WjðtnÞ.
Using Taylor expansion and applying Lemma 2.2, we have
i �W
n
0 �Wn�1

0

s
¼�1

2
� 2
h

W
n�1

2
1 �W

n�1
2

0

h
�

ffiffiffi
2

p

r
e�

p
4i
1ffiffiffi
s

p a0W
n�1

2
0 �

Xn�1

k¼1

ðan�k�1 � an�kÞW
k�1

2
0 e�iV �ðtn�tk Þ

" #
þOðs3=2Þ

( )

þ V x0; tn�1
2

� �
W

n�1
2

0 þOðs2 þ hÞ; nP 1; ð3:6Þ

i �
Wn

j �Wn�1
j

s
¼�1

2
� 1
h2

W
n�1

2
jþ1 � 2W

n�1
2

j þW
n�1

2
j�1

� �
þ V xj; tn�1

2

� �
W

n�1
2

j þOðs2 þ h2Þ; 16 j6M � 1; nP 1;

ð3:7Þ

i �W
n
M �Wn�1

M

s
¼�1

2
� 2
h

�
ffiffiffi
2

p

r
e�

p
4i
1ffiffiffi
s

p a0W
n�1

2
M �

Xn�1

k¼1

ðan�k�1 � an�kÞW
k�1

2
M e�iV þðtn�tk Þ

" #
þOðs3=2Þ�W

n�1
2

M �W
n�1

2
M�1

h

( )

þ V xM ; tn�1
2

� �
W

n�1
2

M þOðs2 þ hÞ; nP 1; ð3:8Þ

W0
j ¼ /ðxjÞ; 06 j6M . ð3:9Þ
Omitting the small terms in (3.6)–(3.9), we construct the difference scheme (1.12)–(1.15) for (1.7), (1.8) with
(1.3), (1.4).

4. The stability and convergence of the difference scheme

In this section, we will discuss the stability and convergence of the difference scheme.
If u ” {u0,u1, . . .,uM} and v ” {v0,v1, . . .,vM} are two grid (complex) functions on xh, introduce the following

inner product and the norm:
ðu; vÞ ¼ h
1

2
u0v0 þ

XM�1

j¼1

ujvj þ
1

2
uMvM

 !
; kuk ¼

ffiffiffiffiffiffiffiffiffiffiffi
ðu; uÞ

p
.



Theorem 4.1. Let fwn
jg be the solution of the difference scheme (1.12)–(1.15). Then, we have
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kwnk 6 k/k; n ¼ 1; 2; . . . .
Proof. Multiplying (1.12) by �1
2
ihw

n�1
2

0 , (1.13) by �ihw
n�1

2
j and (1.14) by �1

2
ihw

n�1
2

M , respectively, then summing
up the results, we obtain
h
1

2
w

n�1
2

0

wn
0 � wn�1

0

s
þ
XM�1

j¼1

w
n�1

2
j

wn
j � wn�1

j

s
þ 1

2
w

n�1
2

M

wn
M � wn�1

M

s

 !

¼ � 1

2
ih
XM�1

j¼0

w
n�1

2
jþ1 � w

n�1
2

j

h

������
������
2

� 1

2

ffiffiffi
2

p

r
e
p
4i

1ffiffiffi
s

p w
n�1

2
0 a0w

n�1
2

0 �
Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
0 e�iV �ðtn�tkÞ

" #

� 1

2

ffiffiffi
2

p

r
e
p
4i

1ffiffiffi
s

p w
n�1

2
M a0w

n�1
2

M �
Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
M e�iV þðtn�tkÞ

" #
� i wn�1

2; V �; tn�1
2

� �
wn�1

2

� �
.

Taking the real part, we have
1

2s
kwnk2 � kwn�1k2
� �

¼ � 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iw

n�1
2

0 a0w
n�1

2
0 �

Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
0 e�iV �ðtn�tkÞ

" #( )

� 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iw

n�1
2

M a0w
n�1

2
M �

Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
M e�iV þðtn�tkÞ

" #( )

þRe �i wn�1
2; V ð�; tn�1

2
Þwn�1

2

� �n o
. ð4:1Þ
Let
xj ¼ 1; 1 6 j 6 M � 1 and x0 ¼ xM ¼ 1

2
.

Since
�i wn�1
2; V �; tn�1

2

� �
wn�1

2

� �
¼ �ih

XM
j¼0

xjV xj; tn�1
2

� �
w

n�1
2

j

��� ���2

¼ �ih
XM
j¼0

xj Re V ðxj; tn�1
2
Þ

� �
þ i Im V xj; tn�1

2

� �� �h i
w

n�1
2

j

��� ���2

¼ h
XM
j¼0

xj Im V xj; tn�1
2

� �� �
w

n�1
2

j

��� ���2 � ih
XM
j¼0

xjRe V xj; tn�1
2

� �� �
w

n�1
2

j

��� ���2;

we have
Re �i wn�1
2; V �; tn�1

2

� �
wn�1

2

� �n o
¼ h

XM
j¼0

xj Im V xj; tn�1
2

� �� �
w

n�1
2

j

��� ���2.

In addition, thanks to the assumption ImV(x, t) 6 0, we arrive at
Re �i wn�1
2; V �; tn�1

2

� �
wn�1

2

� �n o
6 0. ð4:2Þ
Combining (4.1) and (4.2), we get " #( )

1

2s
tðkwnk2 � kwn�1k2Þ 6 � 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iw

n�1
2

0 e
iV �tn�1

2 a0w
n�1

2
0 e

iV �tn�1
2 �

Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
0 e

iV �tk�1
2

� 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iw

n�1
2

M e
iV þtn�1

2 a0w
n�1

2
M e

iV þtn�1
2 �

Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
M e

iV þtk�1
2

" #( )
.

ð4:3Þ



218 Z.-z. Sun, X. Wu / Journal of Computational Physics 214 (2006) 209–223
Letting un ¼ w
n�1

2
0 e

iV �t
n�
1
2 and un ¼ w

n�1
2

M e
iV þt

n�
1
2 in Lemma 2.5, respectively, we have
Re e
p
4i
XN
n¼1

w
n�1

2
0 e

iV �tn�1
2 a0w

n�1
2

0 e
iV �tn�1

2 �
Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
0 e

iV �tk�1
2

" #( )
P 0 ð4:4Þ
and
Re e
p
4i
XN
n¼1

w
n�1

2
M e

iV þtn�1
2 a0w

n�1
2

M e
iV þtn�1

2 �
Xn�1

k¼1

ðan�k�1 � an�kÞw
k�1

2
M e

iV þtk�1
2

" #( )
P 0. ð4:5Þ
Summing up (4.3) for n from 1 to N, then using (4.4) and (4.5), we get
1

2s
ðkwNk2 � kw0k2Þ 6 0; N ¼ 1; 2; . . . ;
or
kwnk 6 kw0k; n ¼ 1; 2; . . . .
This completes the proof. h

Since the difference scheme (1.12)–(1.15) is a system of linear algebraic equations at each time level, it is easy
to obtain

Corollary 4.2. The difference scheme (1.12)–(1.15) has a unique solution.

Next we turn to the question of the convergence of the difference scheme.

Theorem 4.3. Assume (1.7), (1.8) with (1.3), (1.4) have solution wðx; tÞ 2 C4;3
x;t ð½xl; xr� � ½0; T �Þ and fwn

jg be the

solution of (1.12)–(1.15). Then, we have
kWn � wnk 6 e
3T
5

ffiffiffiffiffiffi
6T
5

r
c h3=2 þ s3=2

h1=2
þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

xr � xl
p ðs2 þ h2Þ

 �
; ns 6 T ;
where the constant c is defined in (4.10).

Proof. Let
Un
j ¼ Wn

j � wn
j .
Subtracting (1.12)–(1.15) from (3.6)–(3.9), we can obtain the error equations:
i � U
n
0 � Un�1

0

s
¼ � 1

2
� 2
h

U
n�1

2
1 � U

n�1
2

0

h
�

ffiffiffi
2

p

r
e�

p
4i

1ffiffiffi
s

p a0U
n�1

2
0 �

Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
0 e�iV �ðtn�tkÞ

" #( )

þ V ðx0; tn�1
2
ÞUn�1

2
0 þ P

n�1
2

0 ; n P 1; ð4:6Þ

i �
Un

j � Un�1
j

s
¼ � 1

2
� 1
h2

U
n�1

2
jþ1 � 2U

n�1
2

j þ U
n�1

2
j�1

h i
þ V xj; tn�1

2

� �
U

n�1
2

j þ P
n�1

2
j ; 1 6 j 6 M � 1; n P 1; ð4:7Þ

i � U
n
M � Un�1

M

s
¼ � 1

2
� 2
h

�
ffiffiffi
2

p

r
e�

p
4i

1ffiffiffi
s

p a0U
n�1

2
M �

Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
M e�iV þðtn�tkÞ

" #
� U

n�1
2

M � U
n�1

2
M�1

h

( )

þ V xM ; tn�1
2

� �
U

n�1
2

M þ P
n�1

2
M ; n P 1; ð4:8Þ

U 0
j ¼ 0; 0 6 j 6 M ; ð4:9Þ
where there exists a constant c such that
jPn�1
2

0 j 6 c hþ s3=2

h

 �
; jPn�1

2
M j 6 c hþ s3=2

h

 �
; jPn�1

2
j j 6 cðh2 þ s2Þ; 1 6 j 6 M � 1. ð4:10Þ
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Multiplying (4.6) by �1
2
ihU

n�1
2

0 , (4.7) by �ihU
n�1

2
j and (4.8) by �1

2
ihU

n�1
2

M , respectively, then summing up the
results, we obtain
h
1

2
U

n�1
2

0 �U
n
0 �Un�1

0

s
þ
XM�1

j¼1

U
n�1

2
j �

Un
j �Un�1

j

s
þ 1

2
U

n�1
2

M �U
n
M �Un�1

M

s

 !

¼�1

2
ih
XM�1

j¼0

U
n�1

2
jþ1 � 2U

n�1
2

j

h

������
������
2

� 1

2

ffiffiffi
2

p

r
e
p
4i

1ffiffiffi
s

p U
n�1

2
0 a0U

n�1
2

0 �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
0 e�iV �ðtn�tk Þ

" #

� 1

2

ffiffiffi
2

p

r
e
p
4i

1ffiffiffi
s

p U
n�1

2
M a0U

n�1
2

M �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
M e�iV þðtn�tk Þ

" #
� i Un�1

2;V ð�; tn�1
2
ÞUn�1

2

� �
� i Un�1

2;Pn�1
2

� �
.

Taking the real part and noticing Im(V(x, t)) 6 0, we get
1

2s
ðkUnk2 � kUn�1k2Þ ¼ � 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iU

n�1
2

0 a0U
n�1

2
0 �

Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
0 e�iV �ðtn�tkÞ

" #( )

� 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iU

n�1
2

M a0U
n�1

2
M �

Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
M e�iV þðtn�tkÞ

" #( )

þ Un�1
2; ImV �; tn�1

2

� �� �
Un�1

2

� �
þ Im Un�1

2;Pn�1
2

� �� �

6 � 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4iU

n�1
2

0 e
iV �tn�1

2 a0U
n�1

2
0 e

iV �tn�1
2 �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
0 e

iV �tk�1
2

" #( )

� 1

2

ffiffiffi
2

p

r
1ffiffiffi
s

p Re e
p
4i U

n�1
2

M e
iV þtn�1

2 a0U
n�1

2
M e

iV þtn�1
2 �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
M e

iV þtk�1
2

" #( )

þ 1

2
kUn�1

2k2 þ kPn�1
2k2

� �
. ð4:11Þ
Applying Lemma 2.5 and similarly to the proof of (4.4), (4.5), we have
Re e
p
4i
XN
n¼1

U
n�1

2
0 e

iV �tn�1
2 a0U

n�1
2

0 e
iV �tn�1

2 �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
0 e

iV �tk�1
2

" #( )
P 0 ð4:12Þ
and
Re e
p
4i
XN
n¼1

U
n�1

2
M e

iV þtn�1
2 a0U

n�1
2

M e
iV þtn�1

2 �
Xn�1

k¼1

ðan�k�1 � an�kÞU
k�1

2
M e

iV þtk�1
2

" #( )
P 0. ð4:13Þ
Summing up (4.11) for n from 1 to N and using (4.12) and (4.13), we get
1

2s
kUNk2 � kU 0k2
� �

6
1

2

XN
n¼1

kUn�1
2k2 þ kPn�1

2k2
� �

; N ¼ 1; 2; . . . ;
or,
kUnk2 6 kU 0k2 þ 1

2
s
Xn
k¼1

kUkk2 þ kUk�1k2
� �

þ s
Xn
k¼1

kPk�1
2k2; n ¼ 1; 2; . . . . ð4:14Þ
Since 1=ð1� s
2
Þ 6 6=5 when s 6 1/3, it follows from (4.14) that
kUnk2 6 6

5
kU 0k2 þ s

Xn�1

k¼0

kUkk2 þ s
Xn
k¼1

kPk�1
2k2

 !
; n ¼ 1; 2; . . . .
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The discrete Gronwall inequality [16] gives
Table
Some

Mn(x,
8
16
32
64
128
256

Exact

Table
The er

M

8
16
32
64
128
256
kUnk2 6 6

5
e
6
5ns kU 0k2 þ s

Xn
k¼1

kPk�1
2k2

 !
; n ¼ 1; 2; . . . . ð4:15Þ
It follows from (4.9) and (4.10) that
kU 0k ¼ 0 ð4:16Þ

and
kPk�1
2k2 6 h c hþ s3=2

h

 �� �2
þ ðM � 1Þh cðs2 þ h2Þ

	 
2
. ð4:17Þ
Substituting (4.16) and (4.17) into (4.15), we obtain
kUnk 6 e
3
5T

ffiffiffiffiffiffi
6T
5

r
c h3=2 þ s3=2

h1=2
þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

xr � xl
p ðs2 þ h2Þ

 �
; ns 6 T .
This completes the proof. h
5. Numerical results

In order to demonstrate the effectiveness of our difference scheme, we compute the following problem:
i
ow
ot

¼ � 1

2

o
2w
ox2

; x 2 R; t > 0; ð5:1Þ

wðx; 0Þ ¼
xð1� xÞ; x 2 ½0; 1�;
0; x 62 ½0; 1�.

�
ð5:2Þ
The exact solution of the problem above is [13]
1
numerical results

t) (0.0,1.0) (0.5,1.0) (1.0,1.0)

(0.07287,�0.05322) (0.04519,�0.02713) (0.07287,�0.05322)
(0.05258,�0.04603) (0.05350,�0.03796) (0.05258,�0.04603)
(0.05687,�0.04681) (0.04065,�0.04507) (0.05687,�0.04681)
(0.05526,�0.03981) (0.04944,�0.04797) (0.05526,�0.03981)
(0.05521,�0.04096) (0.04680,�0.04449) (0.05521,�0.04096)
(0.05439,�0.04009) (0.04886,�0.04568) (0.05438,�0.04008)

solution (0.05315,�0.03921) (0.04816,�0.04581) (0.05315, �0.03921)

2
rors of the difference solutions at t = 1

iWM � wMi

0.152846E � 01
0.881551E � 02
0.436230E � 02
0.223932E � 02
0.118164E � 02
0.607033E � 03
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Fig. 1. The errors of the difference solutions at t = 1 with M = 64,128,256.
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dn. ð5:3Þ
Take h = s = 1/M. Table 1 gives some numerical solutions obtained by difference scheme (1.12)–(1.15) and
exact solutions at three points. Table 2 presents the errors of difference solutions in L2 norms with different
mesh sizes on the line t = 1. Fig. 1 plots the errors of the difference solutions with M = 64,128,256 on the line
t = 1. Fig. 2 plots the errors of the difference solutions in L2 norm on the line t = 1 with respect to the grid
number M. It is clear that iWM � wMi decreases much quickly as the grid number M increases. Fig. 3 plots
the errors of the difference solutions in L2 norm on the line t = 1 with respect to the mesh size h. It may be
seen that the error iWM � wMi is approximately linearly dependent on h, i.e., there is a constant C such that
kWM � wMk � Ch.
Using the least squares method and the data in Table 2, we obtain
kWM � wMk � 0:127h.
This is in concordance with as our theoretical results.

6. Conclusion

In this paper, a numerical solution to the Schrödinger equation on an infinite domain is considered. Two
exact artificial boundary conditions are introduced to reduce the original problem into an initial boundary
value problem with computational domain. A fully discrete difference scheme are presented. The solvability,
stability and convergence are analyzed by the energy method, where Lemma 2.5 plays an important role. A
numerical example is shown to demonstrate the effectiveness of the difference scheme.

We have tried to construct some high order difference scheme, but we met a difficulty that no result similar
to Lemma 2.5 can be obtained when we want to prove the stability and convergence.
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[17] A. Schädle, Non-reflecting boundary conditions for the two-dimensional Schrödinger equation, Wave Motion 35 (2002) 181–188.
[18] F. Schmidt, D. Yevick, Discrete boundary conditions for Schrödinger equation, J. Comput. Phys. 134 (1997) 96–107.
[19] I.L. Sofronov, Artificial boundary conditions of absolute transparency for two- and three-dimensional external time-dependent

scattering problems, Eur. J. Appl. Math. 9 (1998) 561–588.
[20] I.L. Sofronov, Conditions for complete transparency on the sphere for the three-dimensional wave equation, Russian Acad. Sci.

Dokl. Math. 46 (1993) 397–401.
[21] L. Ting, M.J. Miksis, Exact boundary conditions for scattering problem, J. Acoust. Soc. Am. 80 (1986) 1825–1827.
[22] S. Tsynkov, Numrical solution of problems on unbounded domains: a review, Appl. Numer. Math. 27 (1998) 465–532.
[23] X. Wu, Z.Z. Sun, Convergence of difference scheme for the heat equation in unbounded domains using artificial boundary conditions,

Appl. Numer. Math. 50 (2004) 261–277.


	The stability and convergence of a difference scheme for the Schr ouml dinger equation on an infinite domain by using artificial boundary conditions
	Introduction
	Preliminary lemmas
	The derivation of the difference scheme
	The stability and convergence of the difference scheme
	Numerical results
	Conclusion
	Acknowledgements
	References


